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Abstract

Normalization of the bispectrum has been treated differently in the engineering signal processing
literature from what is standard in the statistical time series literature. In the signal processing liter-
ature, normalization has been treated as a matter of definition and therefore a matter of choice and
convenience. In particular, a number of investigators favor the Kim and Powers (Phys. Fluids 21 (8)
(1978) 1452) or their “bicoherence” in Kim and Powers (IEEE Trans. Plasma Sci. PS-7 (2) (1979)
120) because they believe it produces a result guaranteed to be bounded by zero and one, and hence
that it provides a result that is easily interpretable as the fraction of signal energy due to quadratic
coupling. In this contribution, we show that wrong decisions can be obtained by relying on the (1979)
normalization which is always bounded by one. This “bicoherence” depends on the resolution band-
width of the sample bispectrum. Choice of normalization is not solely a matter of definition and this
choice has empirical consequences. The term “bicoherence spectrum” is misleading since it is really
a skewness spectrum. A statistical normalization is presented that provides a measure of quadratic
coupling for stationary random nonlinear processes that has finite dependence.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

In order to use an estimated bispectrum of a stochastic signal to detect nonlinearity or for
phase-estimation, it is necessary to normalize the bispectrum by a product of the signal’s
spectrum. The proper normalization is the one used byBrillinger (1965, 1975), Hinich and
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Clay (1968), Brillinger and Rosenblatt (1967), Hinich (1982), Rosenblatt (1985)andHinich
and Messer (1995)rather than the one employed byKim and Powers (1979). A number of
investigators favor the Kim and Powers (1978) or their “bicoherence” in (1979) because
they believe it produces a result guaranteed to be bounded by zero and one, and hence that it
provides a result that is easily interpretable as the fraction of signal energy due to quadratic
coupling (Elgar and Chandran, 1993).

We will first address the reason for normalization and then we will show that theKim
and Powers (1979)“bicoherence spectrum” is artificially bounded by one and depends
on the resolution bandwidth of the sample bispectrum. As the bandwidth goes to zero
the “bicoherence” goes to zero. This approach to normalization will destroy the evidence
of nonlinearity in an application where the sample size is large enough to use a precise
resolution bandwidth. Let us begin with the standard definition of a discrete-timelinear
stochastic signalx(n�)where� is a fixed sampling interval (Brillinger, 1975, p. 31; Priestley,
1981, p. 141). For simplicity, set� = 1 andt = n. A stochastic signalx(t) is linear if it is
of the formx(t) = ∑∞

k=−∞ h(k)e(t − k) where{e(t)} is a sequence of independent and
identically distributed random variables with zero means. Such a sequence is called apure
white noisesignal. In signal processing terminology, the signal is the output of a linear
filter whose input is pure white noise. Assume that the impulse response{h(t)} is square
summable and the distribution ofe(t) has finite moments to ensure that all the cumulant
spectra of the linear signal exist (Hinich, 1994).

The bicovariance of a linear signal is then

bx(�1, �2) = Ex(t)x(t + �1)x(t + �2) = �3e

∞∑
k=−∞

h(k)h(k + �1)h(k + �2), (1.1)

where�3e = Ee3(t). Thus, the signal’s bispectrum is

Bx(f1, f2)=
∞∑

�1=−∞

∞∑
�2=−∞

b(�1, �2) exp[−i2�(f1�1 + f2�2)]

= �3H(f1)H(f2)H(−f1 − f2), (1.2)

whereH(f )=∑∞
t=−∞ h(t) exp(−i2�f t)=|H(f )| exp[i�(f )] is the filter’s complex trans-

fer function.
The linear signal’s spectrum is�2

eH(f )H(−f ) = �2
e |H(f )|2 where�2

e = Ee2(t) is the
variance ofe(t). The normalization used by Brillinger and Rosenblatt is

�(f1, f2)= Bx(f1, f2)√
Sx(f1)Sx(f2)Sx(f1 + f2)

= �e exp[i(�(f1) + �(f2) − �(f1 + f2))], (1.3)

where�e = �3e/�
3
e is theskewnessof e(t). The magnitude|�(f1, f2)| of the normalized

bispectrum is called theskewness functionin the statistical time series literature. In the
engineering signal processing literature, it is called thebicoherence spectrum(Kim and
Powers, 1978; Nikias and Raghuveer, 1987). This term is misleading since it implies that
the bicoherence values will be bounded by one. This is not true for the skewness, and is
true in an artificial and misleading way for the Kim–Powers (1979) definition.
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Three important results are obvious from Eq. (1.3). First, the skewness function of the
normalized bispectrum of a linear signal is|�(f1, f2)| = |�e|, which is constant for all
bifrequencies independent of the shape of the signal’s spectrum. This result is central to the
Hinich (1982)test for linearity based on the estimated bispectrum.

Second, the skewness can be larger than one: for example�e = 2 for an exponentially
distributede(t). It is therefore misleading to call the skewness a “bicoherence” for a random
signal.

Third, the phase of the normalized bispectrum contains information about the phase of
the complex linear transfer function that can be used to recover its phase (Lii and Rosenblatt,
1982), (Rosenblatt, Chapter VIII, 1985).

This standard normalization is defined for the true bispectrum and spectrum and does not
depend on data. The Kim–Powers (1979) normalization is defined for an expected value of
an infinite sum discrete Fourier representation of the signalx(t). Elgar and Guza (1988)
andElgar and Chandran (1993)use a similar type of definition. The expected values in
their paper can be properly interpreted using a probability measure function (Crame′r and
Leadbetter, Chapter 6, 1967). To avoid measure theory, the normalization issue will be
discussed using cumulants of the finite Fourier transform of the observed data.

2. Estimating the bispectrum

The spectrum and bispectrum, and thus the normalized bispectrum, can be estimated
using conventional nonparametric methods (seeHinich and Clay, 1968). We use the frame
averaging spectrum estimation method to illuminate the statistical issues of bispectrum
normalization but the results will hold for any method that yields estimates that have similar
asymptotic properties to the frame averaging method.

Consider a sample{x(t1), . . . , x(tN )} where tk = k�. This sample is partitioned into
P = [N/L] non-overlapping frames of lengthL� where the last frame is deleted if it has
less thanL observations. To simplify notation, normalize the time unit by setting�=1. The
resolution bandwidthis thenf1 = 1/L.

The pth frame is{xp(1), . . . , xp(L)} = {x((p − 1)L + 1), . . . , x(pL)}. The discrete
Fourier transform of thepth frame is

Xp(k) =
L∑

t=1

xp(t) exp

(
−i2�

kt

L

)

and the periodogram of the mth frame is

1

L
|Xp(k)|2 = 1

L
Xp(k)Xp(−k).

SinceN ≈ LP , the frame-averaged estimate of the spectrum at frequencyfk = k/L is
(Hinich and Clay, 1968)

Ŝ(fk) = 1

N

P∑
p=1

|Xp(k)|2. (2.1)
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ThenE[Ŝ(fk)] = S(fk) + O(1/L) where the error term of order 1/L is due to the frame
windowing of the spectrum. The variance of the estimate for large values ofL andP is
(1/P )S2(fk).

The frame-averaged estimate of the bispectrum at the bifrequencies (fk1, fk2) is (Hinich
and Clay, 1968)

B̂(fk1, fk2) = 1

N

P∑
p=1

Xp(k1)Xp(k2)Xp(−k1 − k2). (2.2)

Then E[B̂(fk1, fk2)] = B(fk1, fk2) + O(1/L) and the variance for largeL and P is
(L/P )S(fk1)S(fk2)S(fk1 + fk2).

The standard normalization of the estimated bispectrum is

�̂(fk1, fk2)=
B̂(fk1, fk2)√

Ŝ(fk1)Ŝ(fk2)Ŝ(fk1 + fk2)

= B̂(fk1, fk2)√
S(fk1)S(fk2)S(fk1 + fk2) + O(L−1)

. (2.3)

Note that this normalization standardizes the variance of the bispectrum estimate using
the estimated variance in place of the true variance. IfL = Ne where 0< e < 0.5, then
N−1/2+e[�̂(fk1, fk2) − �(fk1, fk2)] has an asymptotically complex Gaussian distribution
with a zero mean and unit variance asN → ∞ (Hinich, 1982). Moreover, the�(fk1, fk2) are
asymptotically independently distributed across the principal domain of the bifrequencies.
A statistical normalization to the unit interval will be presented in Section 4 that uses these
statistical properties.

Now let us turn to the problem withKim and Powers (1979)normalization.

3. The Kim and Powers bicoherence spectrum

Now let us turn to theKim and Powers (1979)bicoherence spectrum, which is

|b̂(fk1, fk2)| = |B̂(fk1, fk2)|√[
1
N

∑P
p=1 |Xp(k1)Xp(K2)|2

]
Ŝ(fk1 + fk2)

. (3.1)

It follows from the Schwartz Inequality and Eq. (2.1) that|b̂(fk1, fk2)|�1 but we will
now show that this bicoherence spectrum depends on the value ofL used to estimate the
bispectrum.

The denominator in Eq. (3.1) is
 1

N

P∑
p=1

|Xp(k1)Xp(k2)|2

 Ŝ(fk1 + fk2) = Z(k1, k2)Ŝ(fk1 + fk2), (3.2)
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where

Z(k1, k2) =

 1

N

P∑
p=1

|Xp(k1)Xp(k2)|2

 . (3.3)

From Eq. (3.10) inHinich (1994),

E|Xp(k1)Xp(k2)|2 = L[T (fk1, fk2, −fk1) + LS(fk1)S(fk2)] + O(1), (3.4)

whereT (fk1, fk2, −fk1) is the trispectrum at the trifrequenciesfk1, fk2, −fk1. Thus

E[Z(k1, k2)] = [T (fk1, fk2, −fk1) + LS(fk1)S(fk2)]. (3.5)

The Kim–Powers bicoherence spectrum becomes

|b̂(fk1, fk2)| ≈ |B(fk1, fk2)|√[T (fk1, fk2, −fk1) + LS(fk1)S(fk2)]S(fk1 + fk2)
(3.6)

for large values ofN . It is obvious from Eq. (3.6) that the normalization depends on the
frame lengthL and on the magnitude of the trispectrum.

To show how this estimated “bicoherence spectrum” shrinks to zero asL increases,
suppose that the signal is linear. Then the right-hand size of Eq. (3.6) is|�e|/

√
(	e + L)

where	e is the kurtosis (fourth-order standardized cumulant) ofe(t). By the Schwartz
Inequality|�e|�

√
	e + 3 and thus

|�e|√
(	e + L)

�
√

	e + 3

	e + L
.

In most applications,Lwill be much larger than three and the magnitude of the “bicoherence”
will lead the user of such normalization to believe that the signal is consistent with a null hy-
pothesis that the signal is Gaussian. This dependence on the value ofL of the “bicoherence”
estimator essentially eliminates its value as a measure of Gaussianity and nonlinearity of
the signal.

For a nonlinear stochastic signal the trispectrum term can be very larger thanL and thus
the “bicoherence spectrum” estimate can be shrunk by fourth-order nonlinearity.

We now present a statistical normalization that is useful for detecting nonlinear structure
in a stationary random signal that has finite dependence.

4. A statistical normalization

Recall that the standard normalization is a skewness measure and thus is not bounded
by one. The skewness function has no simple relationship with nonlinearity in the random
signal. The asymptotic properties of the bispectral estimates provide a way to compute a
normalization that provides more insight into the nonlinear structure of a random signal.
For largeN the statisticsY (k1, k2) = 2N−1+2e|�̂(fk1, fk2)|2 have (approximately) inde-
pendently distributed non-central chi-square distributions with two-degrees-of-freedom and
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non-centrality parameters
(k1, k2) = 2N−1+2e|�(fk1, fk2)|2 for the array of bifrequency
counters (k1, k2) in the principal domain. Thus if the signal is linear then the monotonically
transformed statisticsP(k1, k2)=F�2[Y (k1, k2)|
(k1, k2)]are approximately independently
distributed uniform (0,1) variates whereF�2[y|
(k1, k2)] denotes a non-central chi-square
cumulative distribution function (cdf) with two-degree-of-freedom and non-centrality pa-
rameter
(k1, k2).

Recall that|�(f1, f2)| = |�e| if the signal is linear, which implies that the non-centrality
parameters are equal to
 = 2N−1+2e�2

e for all bifrequencies in the principal domain. The

statistical normalization then is to transform eachY (k1, k2) using the cdfF�2(y|
̂) where
̂
is the mean value of all the estimates of the non-centrality parameters (Hinich, 1982). This
type of probability normalization will now be used to show the difference between the Kim
and Powers normalization and the standard one using some data from a wind tunnel test of
a Learjet model obtained from Professor Ron Stearman, University of Texas at Austin.

5. An example

The bispectrum was calculated using the standard and Kim and Powers normalizations
for a strain gauge signal from a test of a Learjet model in a wind tunnel. The data was
low-pass filtered to avoid aliasing. The sampling rate is 2.0480 kHz. The sample size is
65,626 which permitted a resolution bandwidth of 2 Hz. The frame length is thenL= 1024
and the number of complete frames is 64. The spectrum and bispectra were computed for
a bandwidth of 0 to 700 Hz. The spectrum of the signal for this band is inFig. 1.

The support of the principal domain of the signal’s bispectrum is the isosceles trian-
gle defined by{0< f1 < 700 Hz, 0< f2 < 700 Hz, 0< f1 + f2 < 700 Hz} (see Hinich and
Messer (1995) for details about the principle domain). There are 1156 bifrequencies in this
triangle.
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Fig. 1. Winglet signal spectrum.
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Fig. 2. Bispectrum probabilities> 0.9 of Winglet signal using standard normalization 1156 bifrequencies.

The bispectral probabilities greater than 0.9 are shown inFig. 2for the standard normal-
ization. The Kim and Powers normalization shrinks the bispectral values so that there are
noprobabilities greater than 0.1 let alone 0.9. Thus the type of normalization matters.
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