T e == TERCTT O o a - . "~ . . e ’W =

CNA RESEARCH CONTRIBUTION NO. 130

NAVAL WARFARE ANALYSIS GROUP

CENTER FOR NAVAL ANALYSES

- INTRODUCTION TO FOURIER ANALYSIS OF DATA

By M. Hinich

 November 1969

Work conducted under contract NOO_014-68-A -0091

THIS DOCUMENT HAS BEEN
APPROVED FOR PUBLIC RE-
LEASE AND SALE; ITS DIS-
TRIBUTION IS UNLIMITED.

Enclosure (1) to.
(NWG)HY5-70
Dated 13 March 1970

Y o S g g (e s ST

AP Do




INTRODUCTION TO FOURIER ANALYSIS OF DATA

The purpose of this paper is to introduce to economists and data processors
the basic elements of Fourier analysis of a time series which is a sum of
deterministic components and a stationary random process. Techniques are
discussed for Fouricr decomposition -of the deterministic components of a time
series and for estimating the power spectrum of the stationary random component.
‘The various mathematical concepts relating to Fourier analysis are presented in a
basically intuitive manner. The goal of this paper is a reasonably clear exposition
of a rather complicated body of material which has been developed primarily for
physical science and engineering problems. Mathematical rigor and completeness

have been sacrificed for the sake of intuitive understanding. Several theorems

-are stated and proved, but the proofs are instructive in nature and are not rigorous.

The reader is required to understand the statistical and mathematical concepts
of multiple regression and the linear model.

Fourier analysis techniques can be an important tool for economic time series
analysis if the concepts and methods are properly understood. It is easy to
misuse and misapply the techniques.

1. LINEAR MODELS AND PERIODIC FUNCTIONS OF TIME

The trigonometric functions cos ut and sinwt play a fundamental role in
the analysis of periodic functions of time and stationary random time series.
The parameter ® is called the angular frequency (figure 1). A function f(t)
is called periodic with period T if for every t,

f(t + T) = f(t) . (1)

It is easy to check that cosuy't and singpt are periodic with period 27 /w ,

If tis measured in discrete units of time, the unit of Y is radians per time
unit, e.g., if t=né& where n isan integer and §= 1 second, the unit of

" is rad/sec. For t=n8 where § isa fixed observation interval (such as
one second or one month), Fourier's classic theorem proves that if f(t) is
periodic with period T, {(t) can be written as a trigonometric polynominal as

. W = ==
follows: Let k T . Then
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(T-1)/2 8
i) = a(0)+ 2 Z [a () cos ™ ¢ +b (v,) sint]

k
k=1
(2a)
It T/ & is odd, and for cven T/ &
T/2 8 -1
| — B 3 o - t .
f(t) = a(0) + 2 E [a(vuk)cos“‘kt + b(“k) sin 4 kt] + a(v T/2 5) (-1)
k=1
\ (2b)
The cocfficients a( ::-k) and b( (rk) are given by
T-5
((c' = é-
a(") = 7 E f(t) cost, ¢t
t=0
(3)
T-4
b1 - £
(J‘k) = 7 E f(t) sinw, t
=0 '

et us select the time unit so that the observation

For notational simplicity 1
5= 1 month for monthly observed data.

interval & equals one time unit, e.g.,

The length of the day is a periodic function
or 365 days depending on the time unit chosen. The mean value of almost any
economic time series has a yearly periodicity called a seasonal. However,
there may be longer period cycles such as 17 year cycles in the series, or
shorter period cycles such as a monthly cycle. Most seasonal cycles are not
a simple sine or cosine function, but instead have flatter peaks and valleys than
the sine or cosine. The higher frequency (shorter period) terms in equation 2,
cost'y t and sinu:kt for k > 1, are required to descrl
Of course, if only quarterly observations are available, dummy variables
provide an adequate model of the seasonal changes assuming that the period is
12 months and the peak and valley in the year falls in the middle of the quarter.
Fourier analysis provides a more flexible method for finding periodicities in

time series.

of time with a period of 12 months,

ibe the seasonal fluctuations.
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As an extreme example of a cycle which has flat peaks and valleys ,
consider, for &= 1 weck, the following periodic function whose period is six
months:

1 -6+26m <t < 6+26m
f(t) =

1 7+20m<t < 19 +26m

»

where m=0, £ 1, 2, ... (figure 2). Since f(t) = f(-t) and sinwt=siny (-t)
whereas costt = cosw(-t), it follows from (2) that b(mk) = 0 for each

25
k=20, ..., 13. Moreover, a{(0) =0 since E f(t) = 0 and it can be shown that
t=0
1 _ 1 . . ' |
f 5 ' @ 7K/26 | irxis oad |
a((ﬁ‘k) = : f
TBl if k is even

i.e., a(wl) -0. 56, a(mz) = 0.08, a(<9'3) = -0.14,

a(U‘4) 0.08, a(z_::S) = _0.0§., a(!Jlé) = 0.08, a(‘i"7) =-0.03....

In general if f(t) is an even function, i.e., f(t) = f(-t), then b(uzk) =0 for all
k and if f(t) is an odd function, i.e., f(t) = -f(-t), thena (U‘-k) =0 for all k.

By very elementary use of complex variable theory, f(t) can be expressed
as a sum of trigonometric functions in a form which is algebraically simpler
and computationally more efficient than (2). The following definition of

ew

is the key element in the discussion:
Letting i = + -1, for any angle ¢

|
exp (i) = cosg +1i sing (4) 1
|
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It follows from (4) that for any 'integer t, exp(i2mt) - 1. Now for any
w , define the complex variable

T-1
A(w) = ,l—r Z £(t) exp (i wt) . (5)
t=0
Since exp (iwt + i27t) = exp (iwt) for any integer t, we have A(w+ 217)
= A(w) forany w, i.e. A(w) is a periodic function of w with period 2T
Moreover A(-w)=A (w), where the bar denotes the complex conjugate, since

exp (- iwt) = exp_Ziwti

Thus for each W = 2 k/T,
Awr ) = K@) (6)

’since wT-k = Cw 270, If T is even, A(wT/z)z A(wT/z) from

and thus A(wT/Z) is real.
The following theorem essentially proves (2).

T-1
THEOREM 1  f(t) = Z Alw) exp (-iw 1)
| k=0

and thus from (2), (3), and (6) with 0) = b(m) = 0O
Alw) = alw) + b(g) k=01 ..., [T2] (9

A(wT_k) = a(wk) - ib(wk)

where [T/2] denotes the closest integer less than or equal to T/2.




T-1

- T
PROOF: For z # 1, E zk=—i—_-_—;—- . Sctting z = exp (i2rm/T)
k=0
integer m, we have
T-1 /
. m
E exp (i27 :I,—k)=0 m # 0 (8)
k=0
From (5),
T-1 T-1 T-1
2: . 1 . R
A(wk) exp ( 1wkt) = T f(s) exp (\1 wk(s t))
k=0 k=0 s=1
T-1 T-1
B | f(s) exp (12ﬂ 5 k)
: T s=0 k=0
= f(t)

since the sum over 'k is zero for s#t by (8), and for s;t the sum is T.

for

o o "N.-  iinaaataridl

..... ,

. (2- .2 S bley)
Let us define Ak =Ya (wk) +b (wk) and Gk = t_g_n é—(w—ky
Thus A(wk) = Ak exp (iek) . From the theorem,
Figure 3
T-1 (Figure 3)
f(t) = E Ak exp (-1 (wk t-8 k)) (9a)
k=0
or alternatively due to the symmetry given by (6)
T/2-1
f(t) = a(0) + 2 E A cos (w t-8 ) + a (m) (- l) (9b)
k=1 :




P

AIN313144300 HIIHNOL Y IHL 40 ISVYHJ ANV 3ANLITdWNY ‘€ 'Ol

leye

s A b at e




A - LRI s ]

For cach frequency w, = 2nk/T, Ak is called the amplitude and Bk is

called the phase, The frequency w, = 27/T is called the fundamental sincc
the period of cos (u.)1 t-Gl) is T, the period of f(t). Higher frequencies w,
~are integer multiples of wy and are called the higher harmonies of the

fundamental frequency. Given the observation interval & = 1 unit, the highest
harmonic possible in the trigonometric sum representation of f(t) is rad/unit.

Now consider the linear stochastic model

Y(t) = ft) + €() | t=20,1, ..., n-1 (10)

where e(t) is a stochastic disturbance with the usually assumed properties,
ie., Ef()=0, Ee*()=02 forall t, and E(t) £ (t') = 0 for t#¢ .
From (2) it is clear that the independent variables in the model are cosw Kt and
sinw, t for k=0, 1, ..., [T/2] . If n, the number of observation of Y (t),
is an integral multiple of T, the independent variables are orthogonal, i.e.

n-1 -1

cosw.t cos t,t sinW. t sin®. t=0 for j k, and
= ] 4 ] k 17
n-l

E sin w] t cos wkt =0 for all j, k. By solving the set of normal equations
=0 '

for the linear model, we obtain the following results.

THEOREM 2. Consider the estimator
n-1

A(w = 2 Y(t) exp (i W)
=0 -

‘For n=mT where m isan integer, the least-squares estimators of the

coefficients a(w) and b(w)for w =0, 27/T, ..., 2~ [T/2) /T are

—

n-

'a\l(wk) = Re [ﬁ(wk)] = % ; Y(t) cos wkt (11)

(]
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Q(wk) = m [ﬁ(wk)] - Y(t) sinw t

o

t=

Since these estimators are least-squares, they are unbiased, and thus
A . A A A
EA (wk) =A(w,) since A(wW)= a(wW) + ib (w). The variances and covarianccs

o
of a(wk) and (wk) are

: 2

\ [Q(wk)] - v[‘%(wk)] - %—1— (12)

except that since S(O) = 0, its variance is zero, and

cov [A(w,), %(wk)] =0
For j#Kk, ST
cov [A(w), Awy] = cov ['%(wj), Bwy] =0 | Sontmomomionrieh

A
Letting f(t) denote f(t) with the ay and bk replaced by their estimators,

the estimator of the variance 02 is just

n-1 , :
=L ¥ [vo -t]* - - (13)
=0

It is not necessary to compute cos W, t and sin Wt for each k in order

to compute A( wk) . There exist several versidns of an algorithm, called by
Tukey and Cooley (1965) the fast Fourier transform, for fast and efficient
~ computation of £ Y (t)exp (i wk t). The finite discrete Fourier transform, the

_ algorithm for its computation, and its applications are discussed by Alsop and
Nowroozi (1966), Bingham et al. (1967), Gentleman and Sande (1966), Hinich
and Clay (1968), and Welch (1961), among others. The algorithm makes feasible

the computation of ﬁ(wk) for large n.

-11_
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If n, the number of obscrvations of Y, is not an intcger multiple of the
period T, the model is not orthogonal and the least-squarcs estimates are in
general correlated across frequencies and between the sine and cosine variables
for cach frequency. As long as n> T, one can orthogonalize the model by
merely dropping observations to make the sample size be an integer multiple of
T. If the period is unknown, however, the situation is no longer simple. An
operational method for detecting periodic components in an observed time
series will be presented in  Section 4. However, it is instructive to indicate

A .
how the estimator A(W) , calculated at frequencics wj =2mnj/n for j=0, ...
[n/2] » can be used to estimate T.

For simplicity, assume that the function f(t) has no harmonics, i.e.
f(t) is the sinusoidal periodic function

. 21
= W w W ==
f(t) 2acos ot t 2bsin ot o T

Suppose that n is not an integer multiple of T. Let ?I(wj) and ,ﬁ(wj,) be
defined as in (11), but with @ =2mj/n for j=0, ..., [n/2] . Then the

expected value of -Q(wj) is

.

-1 “ p-l
Eﬁ(at-’.):—z—al 'Zcoswtcosw.t+g£' Z sin W t cos w.t
j n h 0 j n 20 ) j

From Chapter 2 of Courant and Hilbert, Vol. 1 (1953) it can be shown that for

sufficiently large n, there exists an integer sequence {j *(n)} such that

|w.* -w | < n_l and
j o

1
2! 1+ c(——) if j=j*
_ 2
I2_1 2 cos wot cos wjt = n

(14)

=0
1
O(=———) if j#j*
(n' “'j wol)
‘and ! -1 - )
= sinw t coswt =0 ———— (15)
TR0 © j ("l“’j “’ol)

where O(x-l) denotes that lim x O(x-l) = ¢, a constant.
X+®

-12-
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Thus for sufficiently large n, there exists a j*(n) suchthat w .= w _+
-1 J v
O(n ")and

a+0(n%)  if j=j*
E d(w.) = -1
QO(n ) | if j#j*
) A
Since the variances of these estimators is o 2/2n and the variance of ¢ 2

is of the order n-] » the precision of the estimates is very high for large n.
Thus the wj whose amplitude is significantly non-zero will be close to the

true w . If f(t) is a periodic function withharmonies, as n - o the

fundamental frequency and the higher harmonics can be estimated with a
probability arbitrarily near one, i.e., consistently. Moreover the amplitudes
and phases of the sinusoidal components of f(t) can be estimated consistently.
Note however that although the estimators & and B, the natural estimators

-1 A
‘of the amplitude and phase, /@( w) +’t\)2 (w) and tan 1 (b( w)/’é (@), arc
- non-linear, the asymptotic properties of these estimators can easily be dc-
rived using standard large-sample techniques (Walker 1968).

2. SERIALLY CORRELATED DISTURBANCES

The problem of detecting hidden periodicities in data'is Trelatively straight-
forward for the case of uncorrelated disturbances. If the disturbances are
serially correlated, the variance of the ordinary least-squares estimator of
A (wk) will depend on the frequency - In order to simplify the exposition,

let us assume that the time series of disturbances is a jth order stationary
Gaussian Markov process. To be explicit, consider the process {Y(t)},

Y(®)=f(@)+u() - : a7n -

where the disturbance terms u(t) satisfy the stochastic difference equation

o _
D h(s)ult-s) = (1) (18)
s=0

with h(0),..., h(e) as fixed constants, and for any integers t and -, { e(v),

.., g(t+7-1)} has the T-variate normal distribution N(O0, 021).

The process {u(t)} is called a th order stationary normal or Gaussian
Markov process. For example, consider the first order process with h(0) = 1
and h(l)=y # *1, i.e.

u(t) - y u(t-1) = e(t) (19)

_13..
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It is easy to check that the process
o«

u (t) =Z v e (t-s) (20a)
s=0

satisfies (19), provided that [v|< 1. If IYI >1,

@

v e(t+s) . (20b)

I

u (t)
s=1
]
satisfies (19). The process is lst order Markov since

E [u(t) I u(s), s<t]= vu(t-1)

Further {u(t),..., u(t+ 7- 1)} has the T-variate normal distribution
N (0, Z) where I is the covariance matrix whose j,» kth element is

oy ikl |
%k T 0% TRz Y (21)

From (21) it is clear that as v+ 1, the variance of the process goes to
infinity. For an oth order process, the variance will be infinity if any one
~of the o roots of the polynomial

v

o .
Z h(s)zS is on the unit circle z = ¢! in the complex plane..
s=0 '

o
Let us réstrict the h(s)'s such that Z h(t) exp (iwt) #0 for all @ -
.=Q
Not all stationary Gaussian raanonf processes are Markovian, A process
{u(t)} is called stationary if the joint distribution of { u(tl), cen, u(tn)} is
the same as the joint distribution, of {u(ti +71),.. - u(tn + T)} for all =, n, and points
tl, e, tn. Thus, the mean value Eu(t) and the rth covariance E [u(t + r)u(tf.]

do not depend on t if {u(t)} is stationary. Unless otherwise specified we
will assume that Eu(t) = 0.

The assumption of the stationarity for a process does not specify the form
of the joint distribution of the u(t) for various t's. A process is called Gaussian
if the joint distribution of {utp,..., u(tn)} is normal for all n and teees

-14-
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t Thus, if a process is both stationary and Gaussian, {u(tl), .ee, u(tn)} has

the multivariate normal distribution N (O, L) where the j, kth element of >,
the covariance matrix, has the form

o = o]t - 5P |
l.c., the elements on the diagonal or any off-diagonal of I arc cqual.

Now let us recall the estimator

=
[

A (w _ Y () it (22)

1
n

~r
1l
o

from Theorem 2. Since Eu(t) =0 for all t, for n=mT the estimators

A :

a (wk) = Re [1/’\& (wk)] , the real part of A, and /t\)(wk) =Im [.&(u.;x)] , the
imaginary part of R, are the ordinary least-squares estimators of a(wk)

and b( u.lk) respectively. However, these estimators arc not minimum variance
- . L O e
. . . . P o
although they are unbiased. The generalized least-squares estimators, which nten s an
are a function of the covariances of the disturbances, have the minimum variances
of the ordinary 1.s. estimators approaches the minimum variances as n N

The linear mode;l in question is the one defined by (17) for t=0,..., n-1.

THEOREM 3. 4 (wk) and B (wk) are asymptotically minimum variance
linear unbiased estimators of a (wk) and b (wk) respectively as n 4 o |

For large n these estimators are approximately independent normal random
variables with means a(wk) and b(wk) and identical variances

2
o
VR(w)] = v[’l‘)(wk)] = W
where

o .
H(w) = h(t) el Wt (23)
£=0

[H()|? = [Re H(w)]? + [tm H(w)]?

for k=0 and k=T/2 where T is even

A 2 - 2

Moreover the estimates at different frequencies are asymptotically independent.
- 15 -
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Proof: Con31dcr the process {Z(t)} where
Z (t) qu) Y (t-s)

From (17) and (18)
o
Z (t) =§ h(s) f(t-s) + &(t) (24)

The function Z h(s) f(t-s) is also periodic with period T.

The kth complex Fourier coefficient of this function is H(w ) A(w ) since
from (5) and (23)

T'l (o] . o T l
lT“ Z h (s) £(t-s) e1wt;__; h(s) e1wsz f(t- S)elw (t- S)
t=0 |s=0 5=
=H (w) A (w)

L

The ordinary_ Iv's. estimators of the coefficients H(wk) A(wk) are

_1 iwt
—HZ Z(t)e‘ﬂ(

which is minimum variance since the disturbances in equation (24) are spherlcal.
We will now show that for large n,
w
A, B(w)
¥ Hwy )
estimator of A(u.k) in the sense that the real and imaginary parts of A(u‘k)

are asymptot1cally the minimum variance estimators of the real and imaginary
parts of A(w )

and thus A( ) is asymptotically the minimum variance

For the sake of exposition, let {u(t)} be first order Markov with h(0) = 1
and h(l) = -v, {v|<1, as before. The proof for o >1 is a straightforward
extension of the proof for ¢ = 1. If wis an integer multiple of 2 T/n,

-16-
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n-1 -
Bw =23 [Y® - yY(e-pjelet (25)
=0

=AW - e 1® 3w -L [Y(-D) - Y(n-1)]

=H(w) Aw) +L [Y(n-1) - Y (-1)]
since from (23),
H(w) =1 - yel®
The variance of Y(n-1) - Y (-1) is

E [utn-1) - u(-DJ2 = 55— 202 (26)

from (21). The covariance between ‘Y(n-l) -Y(-1) and n?&(w) is less than

2 .
g since
1 ; B

-\;

1-t t+l .
|E [u@-1) - u(- 1) nA (w)] |Z; 02 Yoy o] (27)

1 -
1-v

2
The variance of the real and imaginary parts of ﬁ(w) is g;— from Theorem 2.

Dividing both sides of equation (25)"'by H(w), it follows from (26) and (27) that

v[a(w]= o? + O ( o’ )
20 [H(w)[? ?iﬂ(w)fu-vz)

and similarly for /E(w). If n >(1-v) -1/2 the variances of Q(w) and

A
b(w) are equal to

A
B is the minimum variance estimator of HA and A a2 B

H

2 l s . s .
|H (w) ‘2 + O(:3) . The variances are mlmmum since

Since the real and imaginary parts of B are uncorrelated and have equal

variances, the real and imaginary parts of B are uncorrelated. Thus, from
H

(25) and (26), the covariance between the real and imaginary parts of A is of

the order O(—Lz—) . Similarly, the covariance between Fourier coefficients of

n
different frequencies is O (l

).
2 .

o -“-.-.,- R
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In most applications, the function H(%) is unknown, as arc the para-
meters h(l),..., h(a) of the Markov disturbance. Note that similar to
A(¥), H(w+2m) = H(wW) and H(-@) = H(D). In the next section we will

discuss the problem of estjmating ,n:2 lH(w)l -2.
3. POWER SPECTRA

The variances of the estimators f:i(z mk/T) and D (21k/T) depend on
0-2 H,(ZTTk/T)I-2 . It is possible to obtain a consistent and asymptotically normal

estimator of 0-2 H (2 TTk/T), ) for each k, based upon the same sample
which is used to estimate the Fourier coefficients. Note, however, that if the
disturbances are serially uncorrelated with h(0) =1, then o =0 and H(w)=1

. for all w. In that case the estimator of the variance is the normalized sum of

squared residuals.

Suppose that we observe Y(0),..., Y(n-1) with n=mT as before. From
now on let wj=27j/n for j=0,..., n-1. With this notation, the harmonic
frequencies of f(t) are wkm’ k=0,..., T-1. Consider, now, the estimator

) K(wj). From (8), (17),” and (22),

n-1 T-1 N :

E 2(“’-’j) = %—t;‘; A (wkm) exp (—iwkmt) exp (iuit)

T-1 n-1
_1 . j-km
== E A(wkm) E exp (i2m = )
k=0 t=0

Al( wkm) if j=km

0 ~ if j #km

From Thg\orem 3 with m=1 and n=T, the variances of the real and imaginary
parts of A are

VA= v[%(wj)] = (28)

—I

2nfH(wW.
[H(@)|

except that since T)(O) = (0, its variance is zero. Since ﬁ(wj) and /f)(wj)

are independent and normally distributed with zero means for j#km and the
above variances,

-18-
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IH(u.j) 7\((:3]')" ~ X5 (292)

for j#km, where x% denotes a chi-squared variable with two degreces of
frecdom. For j=km suchthat k#0 or T/2 ~

2no-2j}1(wkm),2|'A(wkm)_A(wkm), 2 . x2 | (29b)

For w=0 or m, no'ZIH(w)lziﬁ(m) -a(u;.)l2 has a J("lZ distribution.

Let S(w) =02 lH(w)ﬁl'2 since H(w)#0,S () is defined for all (. Note that
S(w + 2m) =S(w) for all w, and S(-w) =S(w). The following theorem
presents the properties of a consistent estimator of S(w, m).

THEOREM 4. Given an even integer M «<m where n=mT, define the
estimator §( wkm) for O <@ < T by

M/2

Sy = i1 Z ,A(wkm-fj, | | (30)

j=-M/2

where the prime denotes that the j=0 term, ,A(w )' 2,
in the sum.

is not included

Let m and M— = such that M/m -0. Then in the limit

M S 2rk/T) - S(zﬁk/T)] ~ N(0, S2 (21k/T)) (31)

where S(w) =02|H(w)|‘2-_ For w =0 or T,

km (31) holds with M re-
placed by M/4 and

M/2 M/2

S (0) = Z ’A(w)fzf §(my = 2n Zlﬁ( A ._)I'z
-

Proof: Since E(X2)=2 V(X )=4, and since A(w) and A(w!‘) are

independent for j#{, from (29)

2 / i
M e, ey 72 32

=-M/2

-19-
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since wkm+j = wkm + wj , and
‘ M/2
2 o4 / -4 ,
VB @g]= T D g + el (33)
=-M/2 |

Since |H(w)l "1 js a bounded continuous function for - 7 - w -~ ™, as both
M4 « and M/n 40 we have

2 T™/n

lim E[S(w, )] = lim ;=0 f S(w, + @) dw
— -TT™™/n

M/n —9

=S(2rk/T)

By a similar argument for (33), the variance of @ has the follcwing property.

im M V{8 (w,_)]=52 (2mk/T)
m
M—o ,
The asymptotic normality of S follows from the central limit theorem.

The function S(wW) =o¢ 2 |H(w ),‘2 is called the power spe.ctrumdof the
process {u(t)}. In order to better understand the concept of a power spectrum,
set f(t) =0, i.e., let Y(t) =u(t). From (28), 1/2S (wj) is the variance of =
the real and imaginary parts of /1 K(wj). From Theorem 1 we have

n-1
-i w-:t
u(t) = "A(wj)e 19; (34)

j:

where R(wn_j) = ,A(wj) and wj = 27j/n. Thus by the independence of

?&(wj) and /A(wj.), j#j', from (34) we have for all t that
n/2

2 _1 2
Eu™ (t) == S(0) +H E S(wj) (35)
=1 -

Letting n 4 » in (35), the variance of the disturbances is
™
Eu? (t) =—1—f S(w) dw (36)
o7 ) -

by the definition of an integral as a limit of a sum. Thus, the power spectrum
of a process indicates how its total variance is distributed over various frequency
components of its Fourier Stieltjes integral representation .
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=

ﬂ .
u(t) =f 19U (w)
-1

where for each point w

A hd
dU (@) =tim R(w;,)  w, = EEHL(“)
N

and {j* (n)} is a sequence of integers such that wj, 4W as n 4,. Thus

E[dU(w)[2 = & S(w) aw

since nE,K(wj*),z =S(w) by (28), and%n— ~ dw.

If the disturbances are serially uncorrelated with h(0) =1, S(w) =g 2 for

all w. A process whose power spectrum is constant for all  is called
white noise. e ~

Rl N N

Assuming that Y(t) = u(t), itis possible to obtain a consistent estimator Nt
of S(w) for any w. Define :
M/2
2 _ n n 2
S(w) = M—ﬂ‘z : [ (wp + @]
i=-M/2

Letting M and n 4 « such that M/n 40, it can be shown from the proof of
Theorem 4 that in the limit :

/M [B(w) - s(w)]~ N, $2 (w))-

The fast Fourier transform algorithm has made practical the estimation
of spectra by direct use of the computed Fourier coefficients. Until this algorithm
was developed, the computation of the Fourier coefficients for large n required
a great deal of computer time in order to obtain numerically accurate values.
The spectral estimation method which has been widely used until now involves
the computation of lagged products. Let us briefly discuss this standard method.

First let us present another expression for the power spectrum of { u(t)}.
Since the process is stationary and Eu(t) = 0, the Tth covariance

(N =Efu(t +7) u(v)]

~ is independent of t. The natural unbiased estimator of p(T) for v>0 is

the sample covariance
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n-1-7

B(n) = L E w(t +7) u(t)

t=0

By straightforward algcbra, we have

n-1 .
n,?x<w)|2 =E (1 -'-nlJ) Br) e 1T (37)
t=-n+1

where §'(-1) =5(7). Taking the expected value of equation (37) and using
a result from Courant and Hilbert (1953), it follows that

n-1
nE A ()| 2 =E (- lehg(ge it (38)

T=n+1
n sin _n_u_f
1 ~ 2 -
= w-w' . dw'. .
2m T > ‘ nsin2 w '
- . >
where o
[ee] ) .
T (w) =E o(nye 19T (39)
T=0 .. ;

=p(0) +2 Z o(7) cos wr
t=1

~e -

: .2
The function SIL_1%®/2 i< called the Fejer Kerncl. Its integral is one
nsin® w/2
for w=0 and zero otherwise, and the right hand side of equation

(38) goes to §(w ). However, nE lﬁ(w ) !_Z is equal to S(w) for « an integer
multiple of 2m/n. Thus, S =S and equation (39) becomes an alternative def-
inition of the power spectrum of {u(t)} which holds for non-Markov Stationary
process. '

The variance of the estimator 3(1) increases with t since there are fewer
lagged products u(t + 7) u(t) to average over the sample. Let us modify
equation (37) by cutting off the 'tails’ of the 2(r) function and define the follow-
ing statistic:

m .
B w - A -iw.T . = T j
P( j) E c(me 7] W, —-—Lm
T=-m
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_The function

for m «<n and j=0,..., m. The cxpected value of /I;(w) is

m )
EP(w) =) o(neJ
o Syl
m : '
=§£ﬁ/ S(ww' sin (rr:+1/2) w qu’
-7 B ) sin,%’

sin(m +1/2) w'

- is called the Dirichlet Kernel. It is similar
sin @
2
to the Fejer Kernel in its asymptotic properties and thus
" limE P(w)=S(w)

m 4 «©

A
Barlett (1955) has shown that if m/n 4 », the variance of P(w) is approx-

) 1mately

V- P(w) ~ gnﬂ 52 (w)

-,

In practice m is generally between 10 percent to 20 percent of n.

- The. prec151on spectral est1mates based on P can be 1mproved by smooth-
ing the P(w ) as follows:

s

P(w 1)+c: P(w)+c P(w+1)

'_'Where'c ) +CO +C1 =1.-If o = 1/2 and ¢y =c = 1/4, this smooth.mg

operatmn is called Hanmng by Blackman and Tukey (1959)

~ The esnmates P(wJ.) require the computation of only m Fourier co-

efficients instead of  n/2, but the computation of the 3(7) is time consuming.

. The direct -method of estimation using the A(w ) is now faster than the lag

product method if n is large. In addition the computatlon of all the Fourier

coeff1c1ents prov1des greater flexability in the analysis of a sample of a time
series.

"4, HIDDEN PERIODICITIES

Let us return to the model Y (t) =f(t) +u(t) where {u(t)} is Markov
If T the perlod of f£(t).is known, we have shown that we can obtain precise
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estimates of the coefficients a(2mk/T) and b(2k/T) if we have a sufficiently
large number of consccutive observations of {Y()}. Morcover we can obtain
precise cstimates of the power spectrum S(w) of the disturbance process. If
the spectrum is slowly varying about the fundamental and harmonic frequencics
of f(t), we can derive independent F -tests for the null hypothesis that

A(wkm =0 for k=0,..., (T/ZB. To be more precise, suppose that |H(w )]

. . . . n ™M, for each
is slowly varying in the frequency band (wkm- -—nML , wkm + T)

k. Then for wj in the band, ¢ -2 |H(wkm+j) 2 s approximately equal to
Sro—, andfrom (29). 2M S(w_ /S (@ ) ~ x2.. for w. # 0
S(w, ) & km km’ 7 TaM T Tkm

or m. If wkm:O or 1, the degrees of freedom is M. Since S(wkm) and
A(Ww, ) are indecpendent,
xm
A 2
n[A (@ )| Faoom O g 01

S(w ) . )
“m Film () if @ =0 T

~ where F2 oM ()\k) is the non-central F distribution with 2, 2M degrees-

of-freedom and non-centrality parameter
A2
LA

k  ~ S(w

(41)
km)

A

2 .2
_|Hee ) Y

q2

Thus the larger the amplitude Ak = ]A(wkm) ! of the kth sinusoidal component

of f(t), the greater the probability of detecting it in the observed time series.
The denominator degrees-of-freedom is only M for the cases of wkm =0

”~N
and T, since the sum in the definition of S is taken over only M elements.

The F statistics for different k's are independent since K( wj) and
A
A(w‘(, ) are independent for j#{.

Now suppose that we do not know the period of the function f(t). For
sufficiently large n we still can obtain precise estimates of the Fourier co-
efficients of f(t). Even for a moderately sized number of conservative obser-
vations of Y(t), we can determine a great deal about the structure of f (t), pro-
vided the power spectrum of the disturbances is not too large in the vicinity of
the fundamental frequency and the first few harmonics of f(t). The power
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spectrum will be large if 02 ,» the variance of the { e(t)} disturbances, is

large, or if H(y) is near zero for ¢ in the bands of interest. We will dis-
cuss the problem of H(y) ~ 0 later.

It would be helpful in the discussion of hidden periodicities to consider an
example. Suppose that we have ten years of weekly data for some variable Y(t).
Thus the sampling interval is § = 1 week and n = 520. Let Y(t) = f(t) + u(t)
where f(t) is a seasonal periodic function. For sake of discussion, let us
assume that we have no a-priori knowledge about the true T, the period of f(t).
Of course, T = 52 weeks is a natural assumption. For 1= 1 week, the Fourier
sum representation of the seasonal is

o1

f(t) = E A(%) exp (-i Z;—le(—t—) (>42)
k=0 |
25
=a (0) ¥2 E A, cos (—ngkt -Bk)+'a () (-1)t A |
= e i A

where

Aly) = Age k= au) +ibly)

-i0
Alwye 1) =Ae k=a(y,) -ib(w,)
26-k k k k

for k=0,..., 25 and W= 21k/52 and A(w26) = a(Tm). Note that the zero
frequency component A (0) = a(0) is just the mean of f(t) over the year, ie.,
S1
_ 1
a(0) = 57 f(t)
t=

Let us assume that a(0) = 0.

The highest harmonic component in the representation of f(t) has the
angular frequency 1 radians/week, or 1/2 cycles per week, i.e., it has a
period of | 4~ days. The limit for the highest harmonic is a property of the
sampling interval A. The shorter the time between successive observations
the higher the frequency possible for the highest harmonic component of the
representation of f(t). However, suppose that f(t) really is of the form

27t 2ne
572 "8y tAp s 7 ~ep (43)
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i.e., f(t) consists of a ycarly cycle plus a daily cycle. Since cos 147t = 1 and
sin 14 7t = O for any integer t, equation (43) becomes

_ 2Tt _ .
f(t)-Al Ccos (-3—2— 01) +ADCOb QD (44)

If Y(t) is regressed on the functions coswkt and sinwkl. and the estimators

ﬁ(wk) and /f)(wk) computed from (44) and Theorem 3, it follows that

E2(0) = A _ cosh

D D

Thus for small g2 we will make the false inference that the mean of Y (t)
is non-zero (unless @ p~ Tor %T- and we will be unable to detect the presence

of the daily cycle because we have sampled the process insufficiently oftcn.

Given any frequency Wy COS t = cos(w + 2mm)t and sing ot = sin
(wo + 2mm)t for any integers m and t. The functlons cos (w + 2Trm)t and
sin(w + 2mm)t are aliases of COS t and smw t respectively. In order
to resolve the ambiguity, the samphng interval § must be less than a half

cycle of the frequency component, i.e., § < I~ For example, suppose we
- W, . _
have quarterly observations of a series which contains a four week cycle. This
Loy 13 . ' . s
cycle has a frequency of 2t 3 radians/quarter. Thus, the alias which is
detected by Fourier analysis is the cycle whose frequency is —;—T radians/quarter,
i.e., a cycle of a year.

Returning to our original example, suppose that A( ) = O for 6 <k< 26

for sake of argument. The highest harmonic has a perlod of 10 2/5 weeks. The
periods of the lower harmonics are 26, 17 1/3 and 13 weeks. Assume that we
do not know the fundamental period is 52 weeks. If we hypothesize that T= 52
weeks, we can use the previous results to make independent F-tests for wheth-

2mk

er or not A ( ) =0 for k=1,...,5. However, the use of F-tests restricts

our attentions to the discrete frequencies we assume in our null hypothesis. For
example, if we make a mistake and guess T=26 weeks, and if the amplitudes
A EEREE A 5 are not too small or if the power spectrum of the disturbances is
not too large, we will detect the higher harmonics but we will miss the detect-
able fundamental periodicity. Moreover, if we guess that T=51 weeks, it can

be shown from (16) that we will accept the hypotheses that A (an ) # 0 for
k=1,..., 5 and, thus incorrectly infer that the fundamental is Sl weeks. Since

the basic problem here is one of estimation, there is an uncertainty band around the
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estimate of the fundamental frequency for a fixed n. It is clear that we should
look at all the Fourier coefficients we can estimate from the sample.

Supposec that we have computed the A (—%%-;— , j=0,..., 259, from the

sample of {Y(t)} consisting of 520 consecutive weekly observations. From
(29), for each j 2 2k
A =58 (55 i

K 520 ) if j=10k k=1,..., 5
Elﬁ(wjﬂz:

otherwisc

and for all j

VIR (w) % =g Stw)

. 2
Thus, if Ak >> 520

corresponding to the fundamental and harmonic periods. Moreover, we can
obtain an estimate of the power spectrum S(w) of the disturbances for the
frequencies W= wj using the statistic defined in Theorem 4.

S(w ), large values of |K(wj) |2 indicate the w;

The easiest method to spot large values of |A(w ) I is to plot it as a function of ;.

The plot of |A Ca )’ are independent random varlables whose coefficients of

variation-are one, the periodogram will be jagged and have many false peaks which
correspond to true hidden periodicities (Bartlett (1955), Priestly (1962a), and
1962b)).

For example, suppose we divide the frequency band (0, m) into N equal

parts or bands B e BN, and then average IR( wj)l 2 over the wj in
the bands. The plot of the N averages yields a smoothed periodogram. In
order to illustrate this simple type of smoothing, let N=20 and thus B ( kz(% )
) for k=1, 20. There are 13 estimated Fourier coefficients in each

p1ece The smoothed periodogram ordinates are

& -1 13 (k-1) +j

S¢= 13 i ; A @n 25 Ik (45)

=1
A A k-1/2 . _ n

From (39), SZOSk =S (1 =0 ) with M=12. In general there are IN W
. .. N o k- 1 /2 ‘
in each band and thus if 3 were not odd, nS, and S(n ) would be

2N ’ k
slightly different.
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The funadmental frequency is in Bl’ the first harmonic 27/26 is in B2,

the second harmonic 21/13 is in B3, and the third and fourth harmonics are
in B 4 (figure 5). Assuming that the power spectrum S(y) is slowly varying,

from (29) and Theorem 4, wc have

1 2 1 k-1/2, if k=1, 2,3
3 4 T 3530 S (n55)

2 1 2 2 1 7T _
1 k-1/2,
520 S( 20 ) k=5,..., 20

and

Syl 1 k-1/2 32
V)= 13 [535 S(r 20 )

Thus, the smoothing reduces the true peaks in the periodogram, but it also
.reduces the variance of periodogram ordinates.

~ It is wise to smooth using several different bandwidths since the amount of
variation of the spectrum over different frequency bands is generally unknown,
The analysis of a sample of a time series which is made up of deterministic and

random components is not a one shot deal. One has to try several variations of .
the basic type of analysis. The n/2+l random variables K(z—:l) for j=0,..

¢y

[n/ 2} are the fundamental elements in the analysis. However, it is often im-

portant to modify the dependent variables Y(t) when trends and discontinuities

are present in the series will be discussed in Section 6. First, let us discuss
several misconceptions which are commonly held about Fourier analysis.

5. TRANSIENTS AND RANDOM PERIODICITIES

It is a common misconception that the only application of Fourier methods
to time series analysis is for determining hidden periodicities. These periodic-
ities are assumed to be periodic functions of time which repeat themselves in-
definitely over time with a fixed period, such as the position of the earth around
the sun or the height of tides. Fourier analysis, however, can be successfully
applied to the analysis of transients in the mean of a time series.

Suppose that the series Y (t) = f(t) + u(t) is observed at the n consecutive
times tyreees bty +(n-1)§, where f(t) is the function defined by equation 2a
or 2b and ts 0 for convenience. All of the results in the previous sections are
valid for the problem of estimating the Fourier coefficients a(wk) and b( wk)

and the power spectrum of the disturbances. The question of whether or not
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£(t) repeated itself in the past (t <to) or will repeat itself in the future

(t >t +1nA) can not be answered by an analysis of the sample; the answer must

be assumed in the extrapolation of the model. We ¢
a(wk) and b(wk) to predict f(t) in the future.
?(t). However if f(t) + u(t) is not a recason
the future, then f(t) is not
pendent variable. If, on the

when f(t) +u(t) is a
pected value of Y.

an usc the estimates of
The best predictor is just

ably accurate model for Y (t) "in
a useful predictor of the expected value of the de-
other hand, there are time periods in the future

ppropriate, then T is again a good predictor of the cx-

For example, suppose that Y (t) is the intcrest rate at time t and f(t)
is a characteristic transient fluctuation in the mean rate after a discrete change
in the money supply. That is, if a change occurs at ty f(t) for to-s t, T na

describes the transient behavior of the mean rate as it moves from the old
Steady-state position to the new Steady-state. If f(t) is a sum of several

damped sinusoidal functions, Fourier analysis of the sample of Y(t) taken
after t, canyield good estimates of the periods of the -damped oscillations

and can even determine the rate o
mate of f(t) can be used to
after a future change in the
analysis for a linear syste
in engineering.

f decay of the transient. The res ulting esti-
predict the transient response in the interest rate
money supply. The subject of transient response
m is discussed in almost any book on linear systems

Another common misconce
power spectrum is due to the e
series which will re
a large peak at w,

Xistence of a sinusoidal component in the time
peat itself indefinitely with a fixed period. Itis true that
in the estimated spectrum indicates that there is a sinusoidal

variation in the data whose period is about 21/ W

to infer that the period or the am

in the future, even if the underl
over time.

plitude of the sinusoidal will remain constant
ying parameters of time series remain stationary

As an example, consider the Gaussian Markov process {u(t)} where =2
and h(0) = gl—A)z, h(1) =0, h(2) =1 where A is a small positive number.
Le., (1-8)" u(t) +u(t-2) = ().
Thus from (24)

2 12w
H(w) = (1-p)" + &'

and

v 2
'H(w),2=[cos2w +(1—A)2] +sin2 2w,
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Since ,H(—)I = /\|A-2| for small A the powcr spectrum o ,H(w)l

of {u(t)} has a large pcak of height ¢ /4A at W= % As A0, the
2

height of the peak goes to infinity whereas for (v # —;I— , S(w) » m.

Nonetheless, there is no sinusoidal component of period 4 time-units in the

Markov process since Eu(t) =0 for all t. Actually there are no determin-
istic sinusoidal components in any stationary random process.

There isan intuitive explanation of why the above process docs not con-
tain the deterministic sinusoidal component whose frequency is the point wherc
the power spectrum has a large peak. Supposc that we have a non-overlapping
sct of samples of n conseccutive observations of {u(t)} Let tp denote the

starting point for the pth sample, with t1 <ty <enne For wj = 2—21— the
real and imaginary parts of
tp—f—n-l
./Ap(wj) 2% Z u(t)elet
P

are independent identically distributed N(0, % S(wj)) variables, where

2 -2
S(w) =0 l H(w) | . From theorem 1 and (9b), we can write u(t) for. - -
> ; el

p<t <tp+nas the sum
B n/2-1
P N - A A _ t.
u(®) =3 (0 +2 Z lApmj)lcos_(wjt B, Cwp) +a(m) (-1)
= (47)
-1 Im[/Ap(w)]
Re[ﬁp(w)]

@p (w) have the uniform density Ill_ﬂ for 0 < 8 < 27T, and the amplitudes

where /e\p (W) =tan

A

‘ g 1/2 e
have the expected value[_l;_’ _(%’% and variance (1 - g)u(\w) for large
n

A {w
! pt )
-1 T 02n2
n. Ifwethenlet A=n , S ('2") & ) and thus from (47),
A A ‘ 48)
- = ) t <t<t_+n (
u(t) Ap cos(_:_t p) b b |
2
A \V 2 A T
= m = — o no
where E(Ap) T po~ and V(Ap) (1-) 3

If the t are sufficiently far apart, the phases gp are uncorrelated.
p
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Over a time duration of scveral periods the process 'u(t), resembles the

sinusoidal periodic function A cos (=t - 6). However, as the process is
pe A P

observed over a longer time, the amplitude and phasc appear to vary,in a purcly
random manner. - Since the expected value and standard deviation of Ap are both

approximatelyVvag, the heights of the peaks of the sinusoid varics between zero

and Viig. The phase vary between zero and 2 radians, making the peaks and
valleys move randomly with regards to the time origin t = 0. Thus it is only
possible to predict u(t) with any precision for a period or two in the future.

As an example of the concept of phase, consider an clectric clock. If the
clock is exact and is working properly, the motion of the hour hand around the
dial is periodic with a period of exactly 12 hours. It is possible to accurately
predict the position of the hand well into the future. Suppose, however, that
the clock has a defect which causes the hour hand to speed up and slow down
slightly in a purely random manner. Once this clock is set, it will show the
correct hour for a certain period of time, but after a few days the position of
the hour hand will be uncorrelated with the true time. The phase is the differ-
ence in radians between the true hour positioni and the position of the hour hand
on the dial. The phase divided by the angular-frequency is the time difference
between the true hour and the clock time. If the phase is random and uniformly

distributed over (0, 2T), the time difference will vary in an incoherent manner
over time. '

A large peak, then, in the estimated power spectrum of a time series in-
dicates that the sample has a sizable sinusoidal component with the indicated
frequency. The only way to infer whether the amplitude and phase of the com-
ponent are fixed or are random is to measure their variability over time. This
requires a sample length which is many times the period of this sinusoid. A
relatively small variance of the phase indicates that the. component is determinis=
tic. The phase variance would be zero if the component is a sinusoid with fixed
amplitude and phase and if there were no random disturbances, -i. e. ,u(t) =0.
If the phase drifts between 0 and 27 in a random manner over time, the com-
ponent is a random process. In many applications exogenous information leads
the investigator to assume that a large spectral peak at frequency Wy = 2Tk /n

indicates that the amplitude of the deterministic component cos (wkt -8 k) in

the linear model y(t) = f(t) +u(t) is significantly different from zero. For
example, for economic time series a large peak in the estimated spectrum at
the frequency corresponding to a 12 month period indicates a deterministic
seasonal cycle, based upon the exogenous information that the cyclic behavior
is caused by the weather. ‘

6. LINEAR TRENDS

Most economic time series contain trends. Suppose that the trend is linear
and enters the model additively, i.e., Y(t)=c +dt +f(t) +u(t). The presence
of the trend will bias the estimates of the Fourier coefficients of f(t) since
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¢ +dt is not orthogonal to the independent variables coswkt and sinwkt.

The bias is greatest for the low frequency or long period components, and is
negligible for the high frequency or short period components. It is important
to reduce the bias cffects of the trend as much as possible. Morcover, the
slope of the trend is generally of interest. The simplest approach to estimating
the trend and removing its effects from the series involves estimating c and

d by regressing Y(t) on c¢ +dt, and then computing the residual time series

Y(t) -C -dt. The Fourier coefficients of f(t) arc computed from the residuals
(Durbin 1962). However, the estimates ﬁ(wk) and /B(wk) are still biased
since the trend function and the independent variables are not orthogonal. None-
theless the biases of the estimates 2( wk) and B( wk) computed from the re-
siduals are smaller than the biases of the estimates computed directly from the
Y (t). Bear in mind, however, that these é‘(wk) and T)(wk) are not the least-

squares estimators of a( wk) and by wk) for the model with the linear trend.

[ L WY

If the disturbances are white, i.e., uncorrelated and homoskedastic, the e ————

least-squares estimators of d and A(wk) =a ("‘k) + ib( wk) are easily derived

from the normal equations of the model Y(t) =dt +£(t) + ¢(t). The intercept
¢ is not necessary in the model since a(0) = ¢ and b(0) = 0. The least-squares
estimators are: '

-1
iw. t i tY . N
& ) [z st ste 1 ste 1971 [ pey o
A || =t n 0 o |71 =y
A _iwlt ‘ i t
Alw)) 5| 2te 0 n 0 ... 0 ZY(@) %1 b (49)
. . 0 n
) -iw. .t : * b .
Rwp[|Ze T o o .0 - n TY (e T
JL J J

Note that all the sums in (49) can be computed by using the fast Fourier trans-
form algorithm.,

It should be clear that the two-stage technique for estimating the Fourier
coefficients of f(t) can be extendedto the case of an additive polynomial trend,
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- methods is to multiply the first n/20 observations by k/20n for k=1,...,n/20

or any trend of known functional form. For example, if the trend is dlt+'d2t2, d1
. 1

and d, are estimated by regressing Y (t) on d]t + d2t2 and the residuals ' {

Y (t) - a\lt - 82t2 are then computed. The Fourier coefficients are computed

from the residuals.

A multiplicative trend model, however, poses special problems. Supposc
that we have the modcl :

Y(t) =(c +dbt) £f(t) =(t) O<t<«n

We can use the above procedures for {log Y(t)} if we assume that {log ¢ (t)}
is a white Gaussian process and that d/c is small enough so that

log (c +dt) ~log ¢ + g t

The presence of an undetected trend causes a specification error in the ordinary
least-squares estimation of the Fourier coefficients of a periodic mean of a time
series. In addition, a trend will produce a bias in the estimate of the power spec-
trum of the disturbance. The bias is most severe for the low frequency spectrum

estimates. o -

For the case of estimating the power spectrum of a stationary random process,
another source of bias is the presence of discontinuities in the beginning and end
of the sample. The estimates of the low frequency part of the spectrum will be
biased if there is an appreciable difference between the sample mean and the-first
few or last few observations in the sample. In order to reduce this effect, the
beginning and end of the sample should be tapered. One of the simplest tapering

and to multiply the last n/20 observations by 1 - k/20n. This type of tapering
effects 10 percent of the sample. The investigator, of course, is free to taper
the sample more or less as he chooses. Tapering, however, produces a bias in
the estimates of the Fourier coefficients of the periodic mean f(t) if it is present
in the data. This bias is less than the bias produced by the discontinuities at the
ends of the record. ‘ :
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